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On the Discreteness of Capacity-Achieving Distributions

Aslan Tchamkerten, Student Member, IEEE

Abstract—We consider a scalar additive channel + whose
input is amplitude constrained. By extending Smith’s argument, we derive
a sufficient condition on noise probability density functions (pdfs) that
guarantee finite support for the associated capacity-achieving distribu-
tion(s).

Index Terms—Additive channel, capacity-achieving distribution.

I. INTRODUCTION

Smith [14] investigated capacity-achieving distributions of additive
channels whose noise probability density functions (pdfs) decay like a
Gaussian tail. Under an input amplitude constraint, he showed that the
capacity-achieving distribution was unique, with a finite set of mass
points. Oettli [9] stated a criterion that related the noise pdf and input
amplitude constraint. He showed that when this criterion is satisfied,
along with a unimodality constraint, there exists a binary capacity-
achieving distribution. Later Das [2] showed that an additive channel
with “heavy tailed” noise admits a finite support capacity-achieving
distribution under an average-power constraint on the input.

Several authors [1], [4], [7], [12] have derived specific results on
quadrature Gaussian channels, Rayleigh-fading channels, noncoherent
additiveGaussian noise channels, and noncoherent Rician-fading chan-
nels. Related works can also be found in [5], [8], [10].

We consider additive channels whose inputs are amplitude con-
strained. For such a setting, we derive a family of noise pdfs whose
corresponding capacity-achieving distributions consist of a finite set of
mass points. Unlike [9], the discrete character of the capacity-achieving
distribution does not depend either on the amplitude constraint or on
the unimodality of the noise pdf. Our result also extends the results in
[2], [14] to noise pdfs with a wider range of tail decay.

We end this section with some notational conventions. In Section II,
we present our result and illustrate it with examples. Section III is de-
voted to the proofs and, finally, in Section IV we list some directions
for future research.
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Capital letters denote random variables (e.g., X) and small letters
(e.g., x) denote specific values taken by them. The expectation ofX is
denoted by X . A cumulative density function (cdf) is denoted by F .
For a sequence of cdfs fFngn�1, Fn

w�!F denotes that Fn converges
weakly to F . The entropy of a positive-valued function f is denoted by
H(f). For any k � 0 and any two positive-valued functions L and U ,
we define

H(U)jk =�
y�k

U(y) logU(y)dy

and

D(UkL)jk =
y�k

U(y) log
U(y)

L(y)
dy:

The real and imaginary parts of an element z in the complex domain
are denoted by <z and =z, respectively. The boundary of a domain

D � is denoted by @D and its closure byD. The open ball centered
on z 2 with radius " (with respect to the Euclidian distance) is
denoted by B(z; ").

II. STATEMENT OF THE RESULT

We consider a scalar additive noise channel X �! X + N = Y

with inputX , output Y , and noiseN independent ofX . The cdf F of
X is assumed to belong to the set


 F :
A

�A

dF (x) = 1

where A is any strictly positive constant. Given a noise pdf pN , the
capacity of the corresponding channel is defined by

C sup
F2


I(F )

with

I(F )
A

�A

pN(y � x) log
pN(y � x)

p(y;F )
dydF (x)

and where

p(y;F )
A

�A

pN(y � x)dF (x):

We define N as the set of noise pdfs pN such that

i. pN(y) > 0 for all y 2 ;
ii. there exists � > 0 such that jN j� < 1;
iii. there exists � > 0 such that pN admits an analytic extension

on D� fz 2 : j=zj < �g;1

iv. there exists k � 0 and two nonincreasing functions
L : [k;1) ! + and U : [k;1) ! + such that

a) for all z 2 D� with jzj � k,

0 < L(j<zj) � jpN (z)j � U(j<zj) � 1

b) H(U)jk < 1

c)
y�k+x

U(y�x)

L(y)
dy < 1 for all x 2 +.

Our result stands in the following theorem.

1Let E be a complex open connected set including the real line. A mapping
f : ! is said to have an analytic extension on E if there exists a mapping
g : ! which is analytic on E and so that g(x) = f(x) for any x 2 .
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Theorem 1: LetX �! X +N be a scalar additive channel where
the inputX has cdf in 
 and where N has density pN 2 N . Then

C sup
F2


I(F ) = max
F2


I(F ) (1)

and any capacity-achieving cdf has finite set of points of increase.2

Notice, contrary to the result in [9], that the conclusion of the the-
orem holds irrespectively of the amplitude constraint A.

Let us comment on the class N . The first two conditions are mild
requirements. The key and the most stringent requirement is the prop-
erty of analyticity. The reason forD� to be a band will be clarified later.
Property iv. is primarily to ensure tight upper and lower bounds (from
a certain range k) on the noise pdf.

Since Das’ result [2] applies to channels with finite average power
constraint, we may compare the class of “heavy-tailed” noises with the
class N introduced above. Heavy-tailed noises are defined by a set of
three requirements, A1, H1, and H2 in addition to an analytic extension
condition (see [2]). A1 is a continuity property while H1 and H2, re-
spectively, ensure that the noise pdf decays slower than a Gaussian but
faster than 1=x2. Later we shall see examples of noise pdfs in N that
satisfy neither H1 nor H2. The analytic extension condition requires
the function

x 7! h(x;F ) = pN(y � x) log p(y;F )dy

to admit an analytic extension on a domain that includes the real line
for any F 2 
.3 This condition is also required in [14] (see the third
robustness condition). In our case, the requirements that characterize
N imply that h(�;F ) has an analytic extension (see Proposition 3). We
now give examples of noise pdfs in N . As we shall see, while these
requirements appear to be cumbersome, in many cases they are easily
verified.

A. Exponential Noise

Let � be some even positive integer and consider the noise pdf
pN(y) = ce�y with c = c(�) the normalization constant.

Clearly property i. is satisfied, property ii. holds for any � > 0, and
condition iii. is trivially verified for any � > 0. It remains to find U and
L that satisfy property iv. Fix some � > 0. Since for any z 2 D� we
have jzj � j<zj + �, it follows that

jce�z j � ce�jzj � ce�(j<zj+�) : (2)
On the other hand, since � is even we have

jce�z j = jce�(<z+i=z) j

= ce
�[(<z) + (<z) (i=z) ]

= ce
� j<zj 1+O

: (3)
Now fix some constant � with 2

3
< � < 1. From (2) and (3), by

defining L(j<zj) = ce�(j<zj+�) and U(j<zj) = ce��j<zj we have
that for z 2 D� , jzj large enough

L(j<zj) � jce�z j � U(j<zj): (4)
Properties iv.b) and iv.c) follow.

B. Polynomial Noise

Let� be any even positive integer and define the pdf pN(y) = c
1+y

with c = c(�) the normalization constant. Property i. is clearly sat-

2The set of points of increase of a cumulative density function F is defined as
SF fy 2 : F (y + �)� F (y � �) > 0 ; 8 � > 0g:

In particular, if F admits a density f , S is the support of f .
3To be precise, the set of heavy-tailed noises is characterized by the require-

ments A1, A2, H1, and H2 in [2]. If the noise pdf, in addition to satisfying these
four conditions has the property that h(�;F ) admits an analytic extension on a
domain that includes the real line, the corresponding capacity-achieving distri-
bution has finite support. However, we have not mentioned condition A2 since
it plays no role in the discrete character of the optimal input distribution but
guarantees its uniqueness.

isfied and given �, property ii. holds by choosing � > 0 sufficiently
small. Now pN has� poles corresponding to the � roots of�1, none of
which are on the real line. By choosing � smaller than the smallest abso-
lute imaginary part of all these roots, property iii. holds. Then, defining
L(j<zj) = c

(2j<zj)
and U(j<zj) = c

(j<zj=2)
, one can easily verify

that for z 2 D� , jzj large enough

L(j<zj) �
c

1 + z�
� U(j<zj):

Property iv.b) is immediate and property iv.c) holds since � � 2.
Noises with polynomial pdfs as described above are also part of the

set of heavy-tailed noises in [2]. An example of a noise pdf inN which
decays slower than heavy-tailed noises is given by pN(y) = c log(2+
y2)=(1 + y2). Let

L(j<zj) =
c log2 j<zj

(2j<zj)�

and

U(j<zj) =
2c log2 j<zj

(j<zj=2)�
:

By choosing D� with 0 < � < 1 we have that for z 2 D� , jzj large
enough

L(j<zj) �
c log2(2 + z2)

1 + z2
� U(j<zj):

Properties iv.b) and iv.c) follow.
Also, one can easily construct simple examples of noise pdf in N

that do not satisfy the unimodality constraint required in [9].

III. PROOFS OF THE RESULTS

Lemma 1: 
 is compact in the Levy metric topology and convex.
Proof: See [14].

Lemma 2: U and L satisfy

1) jH(U)jkj < 1

2) D(UkL)jk < 1

3)
y�k+x

U(y � x) log 1
L(y)

dy < 1 for all x 2 +.

Proof:
1) Since 0 < U(y) � 1 for any y � k, H(U)jk � 0 and property

iv.b) yields jH(U)jkj < 1.
2) and 3) Let

c
y�k

U(y)dy:

Clearly, c > 0 since U(y) > 0 for all y � k. Since

0 < L(y) � U(y) � 1

for all y � k, for all x 2 + we have

0 �
y�k+x

U(y � x) log
U(y � x)

L(y)
dy

= �H(U)jk +
y�k+x

U(y � x) log
1

L(y)
dy

(a)

� c log
1

c y�k+x

U(y � x)2

L(y)
dy

(b)
< 1: (5)

(a) holds by Jensen’s inequality. Then, by definition U(y) � L(y) for
any y � k. Since U is monotone, U(y � x) � L(y) for all x � 0 and
any y � k + x. Hence property iv.c) yields

y�k+x

U(y � x)2

L(y)
dy �

y�k+x

U(y � x)3

L(y)2
dy <1
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and (b) is justified. Therefore,

0 � �H(U)jk +
y�k+x

U(y � x) log
1

L(y)
dy

<1 (6)

and since by claim 1. we have jH(U)jk <1, it results that

y�k+x

U(y � x) log
1

L(y)
dy <1

for any x 2 +, and Claim 3 is proved. For Claim 2 it suffices to set
x = 0 in (5).

Lemma 3: For any pN 2 N the function p(y;F ) is continuous in
both of its arguments.

Proof: Pick any F 2 
. Since pN is continuous (property iii.)
and such that pN(�1) = 0, pN is bounded byM , say. Hence, for any
y 2

+A

�A

pN(y � x)dF (x) �M <1: (7)

Fix some y 2 and pick any sequence fyngn�1 converging to y. The
Dominated Convergence Theorem yields

lim
y !y

A

�A

pN(yn � x)dF (x) =
+A

�A

pN(y � x)dF (x): (8)

Now for a given y, since pN is continuous and bounded, the defi-
nition of the weak convergence yields limn!1 p(y;Fn) = p(y;F )
whenever Fn

w
! F .

For any F 2 
, pN 2 N , and y 2 we have by continuity

0 < min
x2[�A;A]

pN(y � x)

� p(y;F )

� max
x2[�A;A]

pN(y � x)

<1: (9)

Lemma 4: For any F 2 
 and pN 2 N , we have

1) for all jyj � k + A and y 2

0 < L(jyj+ A) � p(y;F ) � U(jyj � A) � 1

2) jH(p(�;F ))j < 1.

Proof:

1) For any F 2 
 and pN 2 N

p(y;F )
A

�A

pN(y � x)dF (x)

(a)

�
A

�A

U(jy � xj)dF (x) for jyj � k + A

(b)

� U(jyj � A)
(c)

� 1 (10)

where (a) and (c) hold by property iv.a), and (b) follows from
the monotonicity of U . The lower bound is obtained in an ana-
loguous way.

2) By Claim 1, we have

jH(p(�;F ))j �
jyj�k+A

p(y;F )j log p(y;F )jdy

+
jyj�k+A

U(jyj � A) log
1

L(jyj+ A)
dy

<1 (11)

where the last inequality holds by (9), the continuity of p(�;F )
(Lemma 3) and Claim 3 of Lemma 2.

Proposition 1: For any pN 2 N and any sequence fFngn�1 in 

with Fn

w
! F , we have

lim
n!1

p(y;Fn) log p(y;Fn)dy = p(y;F ) log p(y;F )dy:

(12)
Proof: The proof is based on the Dominated Convergence

Theorem. Let fFngn�1 be a sequence of cdfs in
 such that Fn
w
! F .

We have

0 � p(y;F ) log p(y;F )dy

� p(y;Fn) log p(y;Fn)dy

� jp(y;F )� p(y;Fn)j jlog p(y;F )j dy

+ p(y;Fn) jlog p(y;F )� log p(y;Fn)j dy: (13)

Using (9) and the continuity of p(�;F ) (Lemma 3), the integrands of the
two integrals of the right-hand side of (13) can be finitely upperbounded
over [�k � A; k + A] independently of Fn.
Now, from Claim 1 of Lemma 4, for any jyj � k + A and F 2 


we have

jp(y;F )� p(y;Fn)j jlog p(y;F )j

� U(jyj � A) log
1

L(jyj+A)
(14)

and

p(y;Fn) jlog p(y;F )� log p(y;Fn)j

� U(jyj � A) log
U(jyj � A)

L(jyj+ A)
: (15)

From the Claims 1 and 3 of Lemma 2, both right-hand sides of (14) and
(15) are integrable over (�1;�k�A][[k+A;1). By the Dominated
Convergence Theorem and the continuity of p(y; �), the right-hand side
of the second inequality in (13) goes to zero as n ! 1. Since Claim
2 of Lemma 4 yields jH(p(�;F ))j < 1 for any F 2 
, we conclude
that

lim
n!1

p(y;Fn) log p(y;Fn)dy = p(y;F ) log p(y;F )dy:

Proposition 2: I is weakly differentiable4 over 
.

4Let f be a function from 
 into . Let � 2 [0; 1] and fix x 2 
. If for all
x 2 
 the limit

lim
�#0

f(x0 + �(x� x0))� f(x0)

�

exists, f is said to be weakly differentiable in 
 at x .
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Proof: Let F0 and F be two elements in 
. For any 0 � � � 1
define F� = F0 + �(F � F0). We shall prove that

lim
�#0

I(F�)� I(F0)

�
= (p(y;F0)�p(y;F )) log p(y;F0)dy: (16)

First we prove that the right-hand side of (16) is finite. Claim 1 of
Lemma 4 yields

(p(y;F0)� p(y;F )) log p(y;F0)dy

�
jyj�k+A

j(p(y;F0)� p(y;F )) log p(y;F0)jdy

+
jyj�k+A

U(jyj �A) log
1

L(jyj+ A)
dy: (17)

By (9), the continuity of p(�;F ), and Claim 3 of Lemma 2, the right-
hand side of (17) is finite.

Now, from the proof of the lemma [14, p. 29] we have that

I(F�)� I(F0)

�
� (p(y;F0)� p(y;F )) log p(y;F0)dy

� �
[p(y;F )� p(y;F0)]

2

p(y;F0)2

� [2jp(y;F0) + �(p(y;F )� p(y;F0))j+ p(y;F0)] dy

(18)

for any 0 � � � 1
2
. We end the proof by showing that the integral on

the right-hand side of (18) is finite. This will imply (16) by taking the
limit � # 0 on both sides of (18). Splitting the integral into two parts
we get

[p(y;F )� p(y;F0)]
2

p(y;F0)2

� [2jp(y;F0) + �(p(y;F )� p(y;F0))j+ p(y;F0)]dy

=
jyj�k+A

[p(y;F )� p(y;F0)]
2

p(y;F0)2

� [2jp(y;F0) + �(p(y;F )� p(y;F0))j+ p(y;F0)]dy

+
jyj�k+A

[p(y;F )� p(y;F0)]
2

p(y;F0)2

� [2jp(y;F0) + �(p(y;F )� p(y;F0))j+ p(y;F0)]dy: (19)

The first integral on the right-hand side of (19) is finite by (9) and the
continuity of p(�;F ). For the second integral, Claim 1 of Lemma 4
yields

jyj�k+A

[p(y;F )� p(y;F0)]
2

p(y;F0)2

� [2jp(y;F0) + �(p(y;F )� p(y;F0))j+ p(y;F0)]dy

� 5
jyj�k+A

U(jyj �A)3

L(jyj+A)2
dy

<1: (20)

As we shall see later, the next proposition represents the main point
in the proof of the theorem.

Proposition 3: For any pN 2 N and any F 2 
, the function
h(�;F ) : D� ! defined by

z 7! h(z;F ) pN(y � z) log(p(y;F ))dy

is analytic over D� .
Proof: We prove the proposition by means of Morera’s theorem

(converse of Cauchy’s theorem, e.g., see [11]).
We first show that for any F , z 7! h(z;F ) is continuous over D� .

Pick some z in D� . Then there exists " > 0 with B(z; ") 2 D� . Let
(zl)l�1 be a sequence of complex numbers in D� converging to z and
let t be such that zl 2 B(z; ") for any l � t. For any l � t we have

jpN (y � zl)jj log(p(y;F ))jdy

� max
�2B(z;")

jpN (y � �)jj log p(y;F )jdy

�
y:jyj�k+A+jzj+"

max
�2B(z;")

jpN (y � �)j

� j log p(y;F )jdy

+
y:jyj�k+A+jzj+"

max
�2B(z;")

jpN (y � �)j

� j log p(y;F )jdy
(a)

� M
y:jyj�k+A+jzj+"

j log p(y;F )jdy

+
y:jyj�k+A+jzj+"

max
�2B(z;")

U(jy � <�j)

� log
1

L(jyj+ A)
dy

(b)

� M
y:jyj�k+A+jzj+"

j log p(y;F )jdy

+
y:jyj�k+A+jzj+"

U(jyj � jzj � ")

� log
1

L(jyj+ A)
dy

(c)
< 1 (21)

where

M = max
y:jyj�k+A+jzj+"

max
�2B(z;")

jpN (y � �)j

is finite by compactness and continuity.5 (a) holds by (9) and property
iv.a). Inequality (b) is justified by noting thatU is a decreasing function
and that for any � 2 B(z; "), the triangle inequality yields j<�j �
j�j � jzj+ ". (c) follows from (9) and Claim 3 of Lemma 2. Applying
the Dominated Convergence Theorem we have

lim
z !z

h(zl;F ) = h(z;F ) (22)

which proves the continuity of h(�;F ) over D� .

5Here we see the reason why we restricted the extension domain D to be a
symmetric band around the real axis. D is such that for all y 2

B(z + y; ") � D�

and
B(z + y; ") � D�

if and only ifB(�z + y; ") � D . Hence the domain for the calculation ofM
(see the shaded area in Fig. 1) is included into D , and thusM is finite.
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Consider now a compact triangle64 in D� having perimeter length
j4j. Let d be the length of the longest side of the triangle and s
minz24 jzj. By the triangle inequality j�j � s + d for all � 2 4, an
analoguous argument as for continuity yields

@4

jh(z;F )jdz

� dy
@4

jpN (y � z)jj log p(y;F )jdz

� j4jM
jyj�k+A+s+d

j log p(y;F )jdy

+ j4j
jyj�k+A+s+d

U(jyj � s� d)

� log
1

L(jyj+ A)
dy

<1 (23)

where

M = max
y:jyj�k+A+s+d

max
�24

jpN (y � �)j <1:

From Fubini’s theorem we get

@4

h(z;F )dz =
@4

dz pN(y � z) log(p(y;F ))dy

= log(p(y;F ))dy
@4

pN(y � z)dz

= 0

=0 (24)

where (a) holds by analyticity (see also footnote 5). Since h(�;F ) is
continuous and satisfies (24) for compact triangles, by Morera’s the-
orem we conclude that h(�;F ) is analytic over D� .

Proof of the Theorem: Let pN 2 N . We first prove that
jH(pN)j < 1. By property iv.a) we have

jH(pN)j �
y:jyj�k

pN(y)j log pN(y)jdy

+
y:jyj�k

U(jyj) log
1

L(jyj)
dy

<1: (25)

The second inequality holds by continuity of pN , the fact that pN(y) >
0 for all y 2 , and Claim 3 of Lemma 2.

Since for an additive channel, I(F ) = H(p(�;F ))�H(pN), from
Proposition 1 we then deduce that I is a concave continuous function
over 
. By Lemma 1, 
 is compact and hence,

C = sup
F2


I(F ) = max
F2


I(F ): (26)

By Proposition 2, the function I is weakly differentiable. Hence from
the Kuhn–Tucker conditions (see [14, Corollary 1]), a necessary and
sufficient condition for an input cdf F � to achieve capacity is to satisfy

pN(y � x) log p(y;F �)dy � �(C +H(pN)) (27)

6Whenever z , z , z are three points in , the compact set

4 = fz 2 : z = sz1 + tz2 + uz3; s+ t+ u = 1; s; t; u � 0g

is called compact triangle.

Fig. 1.

for all x 2 [�A; A] with equality if x belongs to the set SF of points
of increase of F �.
From Proposition 3 we have that pN(y� z) log p(y;F �)dy is an-

alytic over a region that includes the real line. Suppose now that SF
admits an accumulation point. We conclude by the Identity Theorem
of Complex Analysis that

pN(y � x) log p(y;F �)dy = �(C +H(pN)) (28)

for every x 2 . We now show that (28) leads to a contradiction. Let
q eC+H(p ) and define

S+ fy 2 : log(qp(y;F �)) � 0g (29)

and

S� fy 2 : log(qp(y;F �)) � 0g: (30)

We can restate (28) as

S

pN(y � x) log(qp(y;F �))dy (31)

= �
S

pN(y � x)(log(qp(y;F �)))dy (32)

for every x 2 . By property ii. and Claim 1 of Lemma 4, one can
choose some l � k + A that satisfies the following two conditions:

l
� � 2 jN j�

and

log(qp(y;F �)) � log(qU(l�A)) < 0

for all jyj � l.
On the one hand, since S+ � [�l; l], by setting M

maxy2S log(qp(y;F �)),7 it follows that

0 �
S

pN(y � x) log(qp(y;F �))dy

�M
l

�l

pN(y � x)dy: (33)

Choosing x � l + k, property iv.a) yields

l

�l

pN(y � x)dy � 2lU(x� l) (34)

and, therefore, from (33) we get

0 �
S

pN(y � x)(log(qp(y;F �))dy

� 2lMU(x� l): (35)

7M exists by continuity of log p(�;F ).
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Since U(x) ! 0 as x ! 1, the quantity

S

pN(y � x)(log(qp(y;F �))dy

can be rendered arbitrary small by taking x large enough.
On the other hand, we have

�
S

pN(y � x) log(qp(y;F �))dy

� �
1

l

pN(y � x)(log(qp(y;F �))dy: (36)

Hence, from the two conditions satisfied by l, we have

�
1

l

pN(y � x)(log(qp(y;F �))dy

� � log(qU(l�A))
1

l

pN(y � x)dy

(a)

� � log(qU(l� A)) 1�
jN j�

l�

� �
1

2
log(qU(l�A)) > 0 (37)

where (a) holds for x � 2l by Markov’s inequality. Therefore, com-
bining (36), (37) and (35), (31) is impossible for x sufficiently large.
By contradiction, SF admits no accumulation point. Since SF is
bounded, we conclude by the Bolzano–Weierstrass theorem that SF
is finite.

The proof of the theorem follows Smith’s argument: from the
Kuhn–Tucker conditions derive a contradiction using the analytic
extension property of h(�;F ). However, in Smith’s proof it seems that
there is a minor glitch, precisely in the derivation of the contradiction.
Let t(y) be a locally integrable function over with T (f) as Fourier
transform (in the sense of distribution). Let GN be the characteristic
function of the noise pdf and assume that GN (f) 6= 0 for all f 2 .
It is claimed that if GN (f)T (f)S(f)df = 0 for all Schwartz
functions S, the distribution T pointwise is equal to zero (see [14,
Appendix A. 6, p. 102]).8 This implication is not clear. Even in the
case we are interested in, i.e., t(y) = log(qp(y;F )) the claim does
not seem justified. In the proof we proposed here we used another
argument that makes use of the requirement ii. (see (28)) and does not
rely on the assumption that the characteristic function of the noise pdf
is always nonzero (see fourth robustness condition [14]).

IV. CONCLUSION

We exhibited a family of noise pdfs for which the corresponding
channel has discrete capacity-achieving distribution(s), thereby ex-
tending [9], [14], [2]. At this point, some issues related to the discrete
character of optimal inputs are suitable for investigation. The optimal
distribution for an additive Gaussian channel with bounded input has
discrete support, while when the input has only power limitation, the
optimal distribution is Gaussian. It would therefore be interesting to
study the sensitivity of the discrete nature of optimal distributions
to input constraints. For instance, if F �n denotes the optimal input
distribution of a Gaussian channel whose input’s cdf is restricted to
the set fF : jxjndF (x) <1g, then F �2 admits a Gaussian density.
On the other hand, Smith’s result suggests that F �1 has a finite set of
points of increase. What happens between n = 2 and n = 1 ?

Another issuemight be to exhibit, if any, a (simple) example of a non-
Gaussian additive channel, with input average power constraint, whose
optimal distribution is not discrete. One way to tackle the problem
would be to start with a Gaussian additive channel then modify the

8In [15 (proof of Proposition 2)], the author also refers to that claim.

Gaussianity of the noise, and see how the corresponding optimal input
reacts in terms of support.
Oettli’s work, which is based on convex analysis, is of particular

interest since it derives general results concerning the discreteness of
capacity-achieving distribution(s) without the use of the analytic exten-
sion arguments.9 It might be interesting to extend the results we have
so far to a wider class of additive channels. From previous works it
seems that Gaussian noise with average power constraint is a very spe-
cial case, and that a large class of other combinations of noise–input
constraints yield discrete optimal distribution(s) (even for non-purely
additive channels [1]).
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